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Exercise 1

Let T ě 0 be a positive real number and b P C1
`

r0, T s ˆ Rd;Rd
˘

be bounded with
∇zb P L

8
`

r0, T s ˆ Rd;Md pRq
˘

.

Recall that given a measure µ on Rd and a measurable function ϕ we use the following
notation:

µ pϕq :“

ż

Rd

ϕ pxq dµ pxq . (1)

Consider the Liouville equation given by
"

Btµt pψq “ µt pb pt, ¨q ¨∇zψq , @t P r0, T s , @ψ P C8c
`

Rd
˘

,
µt pψq|t“0 “ µ0 pψq , @ψ P C8c

`

Rd
˘

.
(2)

Suppose that M “ tµt| t P r0, T su is a family of measures such that for each t P r0, T s the
measure µt is Ld absolutely continuous (we will write equivalently Ld-a.c., where Ld is the
Lebesgue measure in d dimensions); moreover, assume that exists fM P C1

`

r0, T s ˆ Rd
˘

such that dµt pzq “ fM pt, zq dz.

Under these assumptions, prove that M is a solution to (2) if and only if fM is a classical
solution to

"

Btf ` divz pbfq “ 0,
f pt, zq|t“0 “ fM p0, zq , @z P Rd.

(3)

Remark. Notice that if d “ 6, z “ px, vq P R3 ˆ R3 and b pt, x, vq “ pv,E pt, xqq the
Liouville equation is written as

"

Btµt pψq “ µt pv ¨∇xψ ` E pt, xq ¨∇vψq , @t P r0, T s , @ψ P C8c
`

Rd
˘

,
µt pψq|t“0 “ µ0 pψq , @ψ P C8c

`

Rd
˘

.
(4)

Exercise 2

Recall that if p P N, we defined in class

Pp

´

Rd
¯

:“

"

µ Borel measure| µ ě 0, µ
´

Rd
¯

“ 1,

ż

Rd

|x|p dµ pxq ă `8

*

. (5)

Consider now a sequence of measures tµkukPN Ď P1

`

Rd
˘

and µ P P1

`

Rd
˘

. We say that
µk converges to µ weakly and we write µk á µ as k Ñ `8 if

lim
kÑ`8

ż

Rd

ϕ pxq dµk pxq “

ż

Rd

ϕ pxq dµ pxq , @ϕ P Cb

´

Rd
¯

, (6)

1



where Cb

`

Rd
˘

denotes the space of bounded continuous functions.

Prove that the following properties are equivalent:

(i) µk á µ as k Ñ `8 and

lim
kÑ`8

ż

Rd

|x| dµk pxq “

ż

Rd

|x| dµ pxq ; (7)

(ii) µk á µ as k Ñ `8 and

lim sup
kÑ`8

ż

Rd

|x| dµk pxq ď

ż

Rd

|x| dµ pxq ; (8)

(iii) µk á µ as k Ñ `8 and

lim
RÑ`8

lim sup
kÑ`8

ż

|x|ěR
|x| dµk pxq “ 0; (9)

(iv) For any ϕ P C
`

Rd
˘

such that there exists a positive constant C with |ϕ pxq| ď
C p1` |x|q for all x P Rd we have

lim
kÑ`8

ż

Rd

ϕ pxq dµk pxq “

ż

Rd

ϕ pxq dµ pxq . (10)

Exercise 3

Recall that the space Lip
`

Rd
˘

is defined as the set of function ϕ such that }ϕ}LippRdq ă

`8, where

}ϕ}LippRdq :“ sup
x,yPRd

x‰y

|ϕ pxq ´ ϕ pyq|

d1 px, yq
, (11)

and where d1 p¨, ¨q is the euclidean distance between two points.

Prove that the function W1 : P1

`

Rd
˘

ˆ P1

`

Rd
˘

Ñ R defined for all µ, ν P P1

`

Rd
˘

as

W1 pµ, νq :“ sup
!

µ pϕq ´ ν pϕq | ϕ P Lip
´

Rd
¯

, }ϕ}LippRdq ď 1
)

. (12)

defines a distance on P1

`

Rd
˘

.
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