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Exercise 1

Let T > 0 be a positive real number and b € C* ([O,T] X Rd;Rd) be bounded with
V.be L® ([0,T] x RY; My (R)).

Recall that given a measure p on R? and a measurable function ¢ we use the following
notation:

p(e)i= | e duta). (1)

Consider the Liouwville equation given by

{ Oppr (V) = gy (b(t,-) - Vo1p), Vte[0,T], Vo e CF (RY), @
pit () |i—o = po (), Vi e CL (RY).

Suppose that M = {u| t € [0,T]} is a family of measures such that for each ¢ € [0, 7] the
measure /i is £¢ absolutely continuous (we will write equivalently £%-a.c., where £ is the
Lebesgue measure in d dimensions); moreover, assume that exists fy; € C* ([O, T] x Rd)
such that du; (2) = far (¢, 2) dz.

Under these assumptions, prove that M is a solution to (2) if and only if fjs is a classical
solution to

{ ouf + div, (bf) = 0, o
f (ta Z)‘t:() = fM (O,Z), Vz e Rd.

Remark. Notice that if d = 6, z = (z,v) € R® x R? and b(t,x,v) = (v, E(t,z)) the
Liouville equation is written as

{ at,Ut (¢) = Mt (’U ) in/J + E(t,.%‘) ’ vvw) ; Vte [O,T] , Vipe C((:)O (Rd) ’ (4)
pe (V)]0 = o (¥), vy e CF (RY).

Exercise 2

Recall that if p € N, we defined in class

Pp <Rd> = {u Borel measure| p = 0, p <Rd> = 17fRd |z dp (z) < —i—oo} : (5)

Consider now a sequence of measures {u},cny S P1 (Rd) and u € Py (Rd). We say that
i converges to p weakly and we write pup — p as k — +oo if

Jm | @@ - | @i, veedy(RY). 0



where Cy, (Rd) denotes the space of bounded continuous functions.

Prove that the following properties are equivalent:

(i) px — p as k — +oo and

k—+400

i | foldus (0) = | lo]du(@); (7)
Rd Rd
(ii) px — p as k — +o0 and

lim sup j 2| du (z) < f 2 dp () (8)
k—+00 JRE R4

(iii) pr — p as k — 400 and

lim lim supf |z| duy, (x) = 0; 9)
|z|=R

R—>+o0 k400

(iv) For any ¢ € C (R?) such that there exists a positive constant C with |¢ (z)] <
C (1 + |z|) for all z € R? we have

Jm | o @) di @) - fRdw) dy (). (10)

Exercise 3

Recall that the space Lip (R?) is defined as the set of function ¢ such that lelipmey <
+00, where

(@) — ()
HSOHLIP(Rd) a)i}éﬁd d1 (x, y) ’ ( )
TFY

and where d; (+,-) is the euclidean distance between two points.

Prove that the function W; : P (Rd) x P1 (Rd) — R defined for all pu, v e Py (Rd) as

Wi () i=sup {11 () = v ()| ¢ € Liv (R?), Iplipqee) < 1} (12)

defines a distance on P; (Rd).



